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Edwards-Wilkinson equation from lattice transition rules
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Continuum equations of motion for the height fluctuations of lattice growth models are derived from their
transition rules by regularizing and coarse-graining the associated discrete Langevin equations. For models
with random deposition followed by instantaneous relaxation to a neighboring site based on identifying the
local height minimum, our methodology yields the Edwards-Wilkinson equation. The application of this
procedure to other growth models is discussed.
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Driven lattice models are widely used to describe frontwhereK(®), the first moment of the transition rate, is
fluctuations during surface growth. The statistical properties
of such models are usually determined by kinetic Monte 1 1 1)1 (2) 3)
Carlo (KMC) simulations, from which a correspondence Ki :T_[Wi Wi Wi, 2
with particular continuum equations of motion can often be 0
inferred from assignments to universality clasges How- i, \yhich thew() embody the local relaxation rules, and the
ever, this is largely an empirical exercise and may require N . .
extensive simulations to eliminate crossover eff¢gisPro- i are Gaussian noises that have zero mean, and covariance

osals for establishing more direct associations between lat- , ,

Fice models and congt]inuum equations of motion have in- (ni(1) (7)) =KD & 8(r—1). ()
;lrlé%?geng,]erg(;?;Egg)gé%?é[sgth;n?nOdség% eigalgip:ge With trlel depositior) of “complete lﬂnitS replaced by units of
renormalization-group methods], and formal expansions Siz€{} *, wherel is a *largeness” parameter that controls
of discrete equations of motidi7,9—12. Despite these ef- the mqgnltude of_the fluctu_atlo_ns, and _a_correspon_d_lng trans-
forts, the connection between continuum equations and laformation of the time to maintain the original deposition rate,
tice models is seldom unequivocal. the resulting equations of motion produce a morphological

In this paper, we present a method for deriving COﬂtinuun‘ﬁVO'Ution that is statistically equivalent to that of KMC simu-
equations of motion from the transition rules of lattice lations[14-16,20.
growth models. Our procedure is based on regularizing and In the first model we consid¢d 7], a particle incident on
coarse-graining discrete Langevin equations that are ol# site remains there only if its height is less than or equal to
tained from a Kramers-Moyal expansion of the master equathat of both nearest neighbors. If only one nearest neighbor
tion [13] and invoking a limit theorem due to Kurf24-186. column is lower than that of the original site, deposition is
For models in which random deposition is followed by the onto that site. However, if both nearest neighbor columns are
instantaneous relaxation of the arriving particle to a neighlower than that of the original site, the deposition site is
boring site based on identifying the local height minimumchosen randomly between the two. These rules can be writ-
[17,18, we obtain the Edwards-Wilkinson equati¢m9]. ten in the following form for substitution into Eq2)
The coefficients in this equation are determined solely by the (1) At
parameters of the lattice model. To our knowledge, this is the wi=6;0; ,
first time that a stochastic continuum equation of motion has
been obtained directly from a lattice model with nonanalytic
transition rules.

The method described below can be applied to growth on
a d-dimensional lattice, but we focus here on one- 1
dimensional substrates to simplify the calculations. We con- w®=6"(1-6")+ 5(1- 6. )(1—-6,),
sider a lattice onto which particles are deposited at an aver-
age ratergl per site. For each qlgposi_tiop event, a siFe .iswhere 6= 6(h;.,—h;) and §(x) is the unit step function,
chosen at random and the deposition site is selected within

Jefined as
specified range of the chosen site according to some criterion

1 _
W= 67 (1-67)+ 5(1-67)(1—6)), S

based on the local height environment. Once deposited, the 1 if x=0,

particles remain fixed at their positions. If the search range O(x)= ) (5)
for the deposition site extends only to the nearest neighbors, 0 if x<0.

the equation of motion for the height at theith site has the (i) . .
general form{10,20 In Eq. (4), thew}! express the conditions for a particle inci-

dent on sitei to remain there j(=1), to relax to sitei—1
%=K(1)+ . n (j=2), orto relax to sité+1 (j=3). Thus K" is the total
dr : iy arrival rate of particles at site The identity
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1 /,’—— have the property that
08 et ; lim A= lim B=1 (12)
_ e—0" e—0"
06 e=05 .
= andA has the asymptotic form
S o4l €=025
A=1-€ln2+---. (13
0.2
The suitability of this regularization will be discussed below.
0 By using the expansion in Eq10) for each term in Eq.

-2 -1 0 1 (4), KV can be written as
X
FIG. 1. The step function in Eq8) with a=1 (bold line) and K(l):i 1+BA?h, + lB(l—A)A“hi
the regularization in Eq9) for the indicated values of. ' 70 4
B2(1-A)
wiD+wi?+w®=1 (6) — e AM(ATh)Z+(ATh)?)

mandates that deposition is always onto one of these sites 1

and thereby ensures that the average deposition rate per site + gBZAZ[(A+hi)(A‘hi)]+ St (14

1

is 7o .

The step functions in Ed4) reflect the threshold charac- \;here we have defined the difference operataréh,
ter of the transition rules. Their presence is typical in models_ |, + hisy, A2h=A*(A~h)=A"(A"h), and A“h?
whose transition probabilities depend on the local height en-_ AZ(IAZhI-i. ,The e>|<pansion inl Eq10) presle’rves the idén-
vironment[10-12, but their nonanalyticity presents a major tity in Eq.l(6) at each order.

obstacle for coarse-graining the _discrete eq_uations of motion “\ye now introduce coarse-grained space and time vari-
(1)-(3). One way of bypassing this problem is to use an anagp|asx andt
lytic expression that reproduces the step function in some ’

limit but is otherwise amenable to a Taylor expansion. Sev- x=ieay, t=e’r, (15)
eral such regularizations have been suggested, including ex-

pressions based on trigonometiit1,21 and hyperbolic wherea, is the lateral lattice spacing,is to be determined,
[9,11,27 tangent functions, and the error functid@8]. Here, and e parametrizes the extent of the coarse graining, with
we begin by observing that is required only at the discrete — 0 corresponding to the continuum limit. This parameter is
valuesh;..;—h; [24], so we can choose an interpolation be-the same as the regularization parameteréoso the con-

tween these points at our convenience. Thus, from the foltinuum limit will be takentogetherwith the limit in Eq. (9)

lowing representation of the maximum functifi2b] [25]. The corresponding coarse-grained height functios
max(x,y)= lim [eln(e¥’<+e¥)], 7 T

00y i fein )] (7) Wit = eva, | h - ?)’ 16
0

we construct a corresponding representatiod (o), wherea, is the vertical lattice spacing, 7/, is the aver-

age growth rate, and is to be determined.

8(x) =max(x+a,0)—max(x,0) (8) From the transformations in Eq&.5) and(16), we obtain
i I gxtaleyq o dhy 1 € %au o2t
—;r:)t 2 1 , 9 E_T_OJF a i (e %) (17)

wherea is any constant in the interval (Q,1In what fol- ~ and
lows, we will seta=1. This step function and its regulariza-

. - : I~ : 1 € "afB[s2u 1 J*u
tion are shown in Fig. 1. Expanding the right-hand side of KO(u)=—+ —Z+—52(4—3A)a2—
Eq. (9) as a Taylor series in yields o Toa, |dx® 12 I ox?
2 2
Bx B2x? _ 1 1-a _ , 9" [ou
0(X)=A+ — — —— 4 -, (10) g€ ‘B1-Aaj—a|—
2 8¢
1 2 [ou\?
where Z2magg2 — | —
1le
A=€ln 1(1+e1’f) . B= e - (11)  The passage from Eql4) to (18) relies on the presumption
2 etlet+1 that all derivatives oti are well defined, i.e., that the discrete
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morphology of steps and terraces describedhbycan be

replaced by an analytic function. This can be justified for an
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WA= 0" (1—67)+(1— 6, )(1— 6, ) (1— by, 1),
(25

interface that has been set into motion in the presence of

fluctuations of whatever natur@.g., kinetic or therma/ in

W= 67 (1= 6)+(1— 67)(1— 67)(1— 61 ),

which case asymptotic roughness is guaranteed.

The transformations in Eq15) imply that whered;;= 6(h;.;—h;) and we have used the same labeling

convention for theNi(j) as in Eq.(4). By following the steps

Sj=ead(x—x'), &(r—71)=€8(t—t"), (19 leading to Eq.(14), we obtain

which, together with Eq(18), yield the corresponding trans-
formation of the noise covariance

KM= !

1
P 1+B[1+2(1—-A)?]A%h+ 5|3(1—A)A4hi

(mi(7) (7)) =€ "2 KD(u) (x—x") 8(t—t")

1 (1-2A)
a —252(1—A)[1——2 }AZ[(A‘hi)ZHA*hi)z]
= 2l S(x—x) (- 1) + O(e3F 7). €
0 1 (1—A)2
(20) +ZBZ[A+ ——|AF(A"h)(A"hy)]-- ] (26)

Thus, to leading order i, the coarse-grained noisgis

given by Note that, although the coefficient of the second difference in

this expression differs from that in E¢L4) because of the
modified transition rules, the difference is, according to Eq.
(13), of ordere?. Hence, when the coarse-graining transfor-
mations in Eqs(15) and(16) are applied to this expression
and the continuum limit taken, we again obtain the Edwards-
Wilkinson equation(23) and (24). Thus, not only are the
exponents the same in the two models, but the continuum
equations of motion are identical.

There is an alternative method of deriving the Edwards-
Wilkinson equation from the regularized Langevin equations
The leading terms in the time derivativ{"), and the noise that makes a more direct connection to the Van Kampen
can be made to scale with the same powek dfy setting  system size expansidd3]. In the spirit of the central limit
z=2 anda=3. The corrections to these terms then all scaletheorem, we first write the coarse-grained height function as
with higher powers ok. Thus, by taking the limie—0, and
invoking Egs. (12) and (13), we obtain the Edwards-

Wilkinson equatior{19]; a

éx,y=a, e T2 (7)., (21)

By combining Eqs(17)—(21), we obtain

2 42
6Z—aa_u+o(622—a):62—aﬁ Ju

pn . m+0(64_2a)+6(1+2)/2§
0

+O(6(37a+z)/2). (22)

(27)

.
h,— T—O) =e U(x,t)+e Yu(x,t),

u af d%u
(9t N To 37

wherex andt are defined in Eq(15). The functionU repre-
sents the macroscopic morphology of the system, while
corresponds to fluctuations of this morphology on a finer
“mesoscopic” scale. By using the transformations in Egs.
(17)—(21), the leading terms, of order, yield a deterministic
equation forU,

+ &, (23

where the¢ are Gaussian noises with zero meag(x,t))
=0, and covariance

2

! ! aLaH ! ’
(E(X 1) E(X T )>=T—O5(x—x )o(t—t'). (29 oU aﬁ 52U

ot T ox*’ 28)

We now consider a modification of the deposition sce-
nario in Eq.(4) [18]. A particle incident on a site remains which is, of course, the heat equation. The fluctuation cor-
there if its height is less than or equal to that of both nearesiections to this deterministic evolution of the interface, of
neighborsor if there is nouniquenearest neighbor site with ordere®?, are described by the Edwards-Wilkinson equation
a lower height. If one nearest neighbor column is lower tharfor u, as given in Eqs(23) and (24). The equation fotU
that of the original site, deposition is onto that site. If bothstates that, if the surface is initially macroscopically flat, then
nearest neighbor columns are lower than that of the originat remains so for all times. Moreover, any modulation of the
site, then deposition is onto the lowest of these columnssyrface profile decays with time. Because the Edwards-
However, if both neighboring column heights are both equalwilkinson equation is linear, Eq28) is the same as that
and lower than that of the original site, the particle remainspbtained by averaging E423) over the noise
on the original site. The analytic expression of these rules is We return now to our implementation of the step function
(D) b gm B L N and its regularization. The most apparent difference between
Wi=6;" 0 +(1=6; ) (1= 6 ) (O 1t 01— 1), the step function in Eq(8) and the definition in Eq(5) is

025102-3



RAPID COMMUNICATIONS

DIMITRI D. VVEDENSKY PHYSICAL REVIEW E 67, 02510ZR) (2003

that the former is @ontinuoudunction. This results in finite equation are the same as those derived from a scaling analy-
values for the firstwo terms in the expansion in ELO) as  sis of this equatiofl]. Further discussion of different regu-
e—0, with larization schemes for step functions will be presented else-
where.

Finally, we consider the applicability of our methodology
to other lattice models. As the standard scaling analidis
and of continuum models indicates, the scaling transformations

we used in the passage from the discrete regularized equa-
1 i _ 1 (dﬁ) . (de) tions of motion to the Edwards-Wilkinson equation cannot
=Ilim B=~ Im |—|+ lim | — ) . . .
ot 2 0 dx e dx be e_xpegted to_ be valid for inherently nonllnea_r models in all
spatial dimensions. In such cases, an expansion such as that

corresponding to the average of the left- and right-hand deln Eq. (18) provides initial conditions for the coefficients in
rivatives of  at x=0. In contrast, for other regularizations an equation of motion to which a renormalization-group
[9,11,21-23 B either diverges or vanishes, depending ontransformation is applied. But even this represents an ad-
whether the discontinuity of the step function is at the originvance because the presence or absence of particular terms,
or shifted away. One consequence of our choice is that thend their sign, can qualitatively influence the long-
exponentsy andz required to obtain the Edwards-Wilkinson wavelength behavior of the growth frofit1,26.

lim A= 6(0) (29

e—0"

(30
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